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We study the equivalence principle, regarded as the cornerstone of General Relativity, by analyzing
the deformation observable of black hole shadows. Such deformation can arise from new physics
and may be expressed as a phenomenological violation of the equivalence principle. Specifically, we
assume that there is an additional background vector field acting on the photons. This vector field
changes the way the system depends on initial conditions, and can produce different sizes of the
black hole shadow at different wave bands. This can be tested by future multi-band observations.
Adopting a specific form of the vector field we obtain constraints on model parameters from Event
Horizon Telescope observations and measurements of gas/stellar orbits.
PACS numbers: 04.70.?s, 97.60.Lf, 11.30.Cp, 98.80.Cq
I. INTRODUCTION
The first image of the supermassive black hole (SMBH)
M87 observed by the Event Horizon Telescope (EHT) [1–
6] leads us into a new era of black hole physics. The high
spatial resolution makes direct visual observation of a
SMBH and surrounding environment possible. With this
new way to study the most extreme objects in our Uni-
verse predicted by Einstein’s theory of General Relativity
(GR), scientists will explore the nature of fundamental
physics from the information we obtain from the EHT
and other forthcoming experiments.
The black hole photograph taken by the EHT project
provides us with direct information about the motion
of the photons near the event horizon scale for the first
time. Within standard GR, the trajectories of test pho-
tons correspond to geodesic paths, which are fully deter-
mined by the metric tensor field. Any new physics that
could be revealed by the detection of the photon’s path
should have modifications to the standard expression of
the metric. This principle has spawned a series of works
in the literature [7–17]. For example, the violation of
rigid vacuum solutions of the black hole metric due to
the accumulation of extra mass around the black hole
could leave observable effects on the black shadow, such
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as the formation of ultralight boson clouds around Kerr
black holes caused by the super-radiance process [18–21].
Moreover, gravitational theories beyond GR that lead to
different black hole metrics can also affect the shape of
black hole shadows. Examples could be found in theories
of asymptotically safe gravity motivated by the renor-
malization issues of quantum gravity [22–24], and other
classical modifications of GR [25–32]. Some non-singular
black hole solutions outside of GR may also lead to new
features of the shape and size of the shadow [33–37].
In addition, there are some theories that are beyond
the regular metric description of black hole spacetimes
that have impacts on the motion of photons. One such
case is when the gravity theory differs from standard Rie-
mannian geometry. For instance, an additional torsional
tensor present in gravity theories based on the Riemann-
Cartan spacetime [38], where the spacetime torsion can
behave as a new force causing the motion of particles to
deviate from the usual extremal paths predicted by GR
[39–52]. Another case arises in particle physics when the
super-radiance process of a rotating black hole may ex-
tract mass and angular momentum from the black hole
to produce an accumulation of light bosons to form a
macroscopic “cloud” composed of a bosonic field conden-
sate [53–57]. Such light bosons can come from physics
beyond the standard model such as axions or light gauge
bosons of hidden U(1) symmetries [58–60]. If these par-
ticles have weak couplings to the photons, then photon
paths can be affected by leaving observable effects on the
black hole shadow. These facts inspire us to explore new
phenomena that might be caused by new physics that is
not caused simply by modifications of the metric.
In this article, we propose to use the shadow of SMBH
as a probe to detect underlying new physics whose effects
on photon motion cannot be described by the metric and
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2could, phenomenologically, be regarded as a violation of
the equivalence principle. Specifically, we consider an ad-
ditional background vector field effectively generated by
the central black hole. This new background field couples
to photons and behaves as a new “force” acting on the
photon via a coupling constant. The effect is analogous
to the motion of charged particles in an electromagnetic
field generated by a charged black hole. In order to ex-
tract model-independent results, we do not start from a
specific theory of the background vector field. Instead,
given that the vector field and the metric field are gen-
erated by the same source, it is physically reasonable to
assume the new vector field has the same symmetry as the
spacetime. Furthermore, in the infinite far distance, this
vector field should disappear since the size of the source is
finite. In this way, the symmetry and the boundary con-
dition provide us with a fundamental constraint on the
possible expressions for the new vector field and allow us
to conduct a general analysis of resulting phenomena.
The article is organized as follows. In Section II, we
put forward a novel phenomenological model which can
quantitively depict how the photon motion is affected by
the additional background vector field. Guided by the
symmetry of the Kerr-like spacetime and the boundary
condition, in Section III, we conduct a general discussion
of the motion of photons and in Section IV report our
general results on the effects of the new vector field. In
Section V, we show observational constraints on model
parameters from the EHT experiment by choosing a spe-
cific expression for the vector field and constructing the
silhouettes of the corresponding black hole. We sum-
marize the main results with a discussion and present a
future outlook in Section VI. We work in natural units
where gravitational constant G = 1 and speed of light
c = 1 and we adopt the metric convention (−,+,+,+).
II. THE MODEL AND THE STATIONARY
AXIALLY SYMMETRIC ROTATING
SPACETIME
We assume the presence of a new background vector
field Tµ(X), in addition to the spacetime metric tensor
field gµν(X). This field couples to the photon field, hence
deflects null paths. The general action is expressed as
S =
∫
dλ
[
− 1
2
e(λ)−1gµνX˙µX˙ν + C
(
Tµ, X˙
µ
)]
, (1)
where the dot represents the derivative with respect to
the affine parameter λ with the mass dimension. The
first term is the kinetic term of a test photon in a curved
geometry. e(λ) is an auxiliary field with the mass di-
mension, which may help us to eliminate the dimension
singularity caused by the massless particle. This idea is
similar to the Polyakov action in the string theory [61].
Varying this action with respect to e(λ) leads to the con-
strain equation:
gµνX˙
µX˙ν = 0. (2)
Note that, the auxiliary field e(λ) could be absorbed by
a redefinition of λ, making the coefficient in front of the
first term constant. This fact will not have any influ-
ence on the dynamics of the system so for convenience
we eliminate it without affecting the physical results of
the present study. C(Tµ, X˙µ) depicts that the new back-
ground vector field Tµ(X) can have coupling with the
motion of the photon. The coupling leads to an addi-
tional force on the photons which could not be absorbed
into the metric or in other words the Levi-Civta connec-
tion. Therefore, it could be regarded as a violation of
Einstein’s principle of equivalence. The coupling term
can be written as
C
(
Tµ, X˙
µ
)
=
∞∑
n=1
qn
(
TµX˙
µ
)n
, (3)
where qn are dimensional coupling constants. Assuming
that the effects of Tµ should be suppressed by the increase
of n for a physically feasible form of Tµ, we only consider
the first power term, which serves our purpose to reveal
the novel phenomenon when Tµ appears, i.e.
C
(
Tµ, X˙
µ
)
= q1TµX˙
µ . (4)
The dynamics of the background fields gµν(X) and
Tµ(X), are described by the following formal action
Sm =
∫
d4X
√−g
[ 1
16pi
R(gµν) +D(Tµ)
+ (Source terms of gµν and Tµ)
]
, (5)
where R is the Ricci scalar, D represents the dynamics
of Tµ itself and we assume no other direct coupling be-
tween gµν and Tµ. This paradigm can be analogous to
the Kerr-Newman black hole solution of the Einstein-
Maxwell theory, where the minimal coupling between
gµν and electromagnetic field introduces only a constant
(electric charge) in the metric.
We are interested in the most generic phenomena
caused by the vector field Tµ, so we shall not adopt a
specific form for D. Instead, with the assumption that
the vector field Tµ effectively has the same excitation
source as the curved spacetime, Tµ should reflect the
same symmetry as the spacetime. Combing this with
the known boundary conditions, reasonable expressions
for Tµ can be constrained. Let us consider the vacuum
situations, since the auxiliary field e(λ) could be chosen
as a constant, the action (1) with the coupling term (4)
does not have obvious dependence on the affine parame-
ter λ, hence the corresponding Hamiltonian is conserved
as follows,
H = PµX˙
µ − L = −1
2
gµνX˙
µX˙ν (6)
= −1
2
gµνPµPν + q1g
µνPµTν − q
2
1
2
gµνTµTν = ε ,
3where ε is a constant and Pµ = ∂L/∂X˙µ is the conjugate
momentum of the coordinates Xµ. This corresponds to
the constraint equation (2) with ε = 0.
We consider a Kerr-like black hole spacetime with the
line element in the Boyer-Lindquist coordinates (t, r, θ, φ)
given by
ds2 =−
(
1− 2m(r)r
ρ2
)
dt2 +
ρ2
∆
dr2 + ρ2dθ2
+
(
r2 + a2 +
2a2m(r)r sin2 θ
ρ2
)
sin2 θdφ2
− 4m(r)ar sin
2 θ
ρ
dφdt , (7)
where ∆(r) ≡ r2 − 2m(r)r + a2, ρ2 ≡ r2 + a2 cos2 θ and
a is the angular momentum pure unit mass of black hole
a = J/M . Note that we have added an additional r
dependence in m(r) compared to the Kerr black hole so-
lution in GR, where m(r) is equal to the black hole mass
M . In order to recover Minkowski spacetime in the infi-
nite asymptotic distance, m(r) should satisfy
lim
r→∞
m(r)
r
= 0 . (8)
The function m(r) could describe the modification in-
duced by the minimal coupling between Tµ and gµν (5).
And out of pure phenomenological interest, m(r) is also
related to many kinds of beyond Kerr black holes. For ex-
ample, when m(r) = M−C2/(2r) where C is a constant,
Eq. (7) describes a Kerr-Newman black hole. The ro-
tating Hayward black hole [62, 63] and rotating Bardeen
black hole [63, 64] also have a specific form of m(r), which
could avoid the singularity of the ordinary Kerr black
hole. Furthermore, the phenomenon brought by the devi-
ation of the Newtonian gravitational constant G could be
equivalently described by the function m(r) [22, 23]. So
keeping the function m(r) is phenomenologically neces-
sary for the current study in order to compare the effects
brought by the vector field Tµ(X) and those brought by
the metric with different m(r).
In Boyer-Lindquist coordinate, the time-like and space-
like Killing vectors (ξE = ∂t and ξL = ∂φ) describing a
stationary axial symmetry spacetime are
ξµE = (1, 0, 0, 0) , ξ
µ
L = (0, 0, 0, 1) , (9)
as the components of the metric field only depend on the
coordinates r and θ. Given that the new vector field Tµ
is assumed to have the same source as the metric, it is
reasonable to think that it should have the same sym-
metries as the spacetime either. So Tµ does not have
dependence on the coordinates t and φ. Apart from the
Hamiltonian (6), there are two more conservation quan-
tities corresponding to these two Killing vectors (9):
E =
(
1− 2m(r)r
ρ2
)
t˙+
2am(r)r sin2 θ
ρ2
φ˙+ q1Tt(r, θ) ,
(10)
Lz =−
(
r2 + a2 +
2a2m(r)r sin2 θ
ρ2
)
sin2 θφ˙
+
2am(r)r sin2 θ
ρ2
t˙+ q1Tφ(r, θ) . (11)
These two conservation quantities could be directly de-
rived from the fact that the Lagrangian does not depend
on t and φ.
In addition to the continuous symmetries, there is a
discrete symmetry which reflects the black hole (as the
source of the fields) is a “rotating body”. Since the co-
ordinate system has been fixed to the Boyer-Lindquist
form, this symmetry is expressed by the invariance of the
metric under the inversion of both t and φ [65], which is
why the components gtr, gtθ, gθφ and grφ vanish. Then
the assumption that Tµ has the same symmetries as the
metric implies Tµ either stays the same or changes sign.
So the continuous symmetry (9) and the discrete symme-
try of the ”rotating body” tell us two possible expressions
for the vector field Tµ exist:
Case I :
(
Tt(r, θ), 0, 0, Tφ(r, θ)
)
, (12)
Case II:
(
0, Tr(r, θ), Tθ(r, θ), 0
)
, (13)
where Case I changes sign under the discrete symmetry
transformation while Case II is invariant. Given that we
do not provide a specific dynamic for the field Tµ and
wish to conduct a general discussion, we cannot deter-
mine which cases is more reasonable and need to discuss
each case separately.
Furthermore, since the size of the black hole source of
Tµ is finite, the physically reasonable expression of Tµ
must satisfy
lim
r→∞Tµ(r, θ) = 0 . (14)
III. THE MOTION OF PHOTONS
In this section, we investigate the motion of a pho-
ton in the above Kerr-like spacetime with the additional
background vector field Tµ. Using the Hamilton-Jacobi
formulation, we can easily find the equations of motion
for the photons. First, we introduce the Hamiltonian
principal function S(λ,Xµ) and let
Pµ =
∂S
∂Xµ
. (15)
The Hamilton-Jacobi equation is
H +
∂S
∂λ
= 0 . (16)
In the following, we will discuss the above two cases (12)
and (13) individually.
4A. Case I
Substituting the Hamiltonian (6), the metric (7) and
the conjugate momentum (15) into the Hamilton-Jacobi
equation (16), one gets
−2ρ2 ∂S
∂λ
=
1
∆
[
(r2 + a2)
∂S
∂t
+ a
∂S
∂φ
]2
(17)
− 1
sin2 θ
(
a sin2 θ
∂S
∂t
+
∂S
∂φ
)2 −∆(∂S
∂r
)2 − (∂S
∂θ
)2
+ 2q1gE(r, θ)
∂S
∂t
+ 2q1gL(r, θ)
∂S
∂φ
+ q21gT (r, θ) ,
where we have defined
gE(r, θ) ≡ −Σ
2
∆
Tt(r, θ)− 2am(r)r
∆
Tφ(r, θ) , (18)
gL(r, θ) ≡ ∆− a
2 sin2 θ
∆ sin2 θ
Tφ(r, θ)− 2am(r)r
∆
Tt(r, θ) ,
(19)
gT (r, θ) ≡ Σ
2
∆
Tt(r, θ)
2 − ∆− a
2 sin2 θ
∆ sin2 θ
T 2φ
+ 4
am(r)r
∆
Tt(r, θ)Tφ(r, θ) , (20)
and
Σ2 ≡ (r2 + a2)2 −∆a2 sin2 θ .
For the Kerr spacetime in GR, apart from ε, E, Lz, there
is another conservation quantity: the Cartan constant K.
When the additional vector field Tµ is present, this point
cannot be guaranteed, making things difficult to solve
analytically. However, if we consider the situation that
gE , gL and gT can be decomposed as
gE(r, θ) = g
r
E(r) + g
θ
E(θ) ,
gL(r, θ) = g
r
L(r) + g
θ
L(θ) ,
gT (r, θ) = g
r
T (r) + g
θ
T (θ) , (21)
the fourth integral constant will still appear. According
to the asymptotic behaviors (8), (14) and the definitions
(18), (19), (20), we obtain gθL = 0 and the asymptotic
behaviours
lim
r→∞
grE(r)
r2
= lim
r→∞ g
r
L(r) = lim
r→∞
grT (r)
r2
= 0 . (22)
We now assume that the Hamilton principal function S
has the following form:
S(λ, t, r, θ, φ) =
ελ
2
− Et+ Lzφ+ Sr(r) + Sθ(θ) . (23)
Substituting this expression into Eq. (17), one obtains
∆
(
dSr
dr
)2
− 1
∆
[
(r2 + a2)E − aLz
]2
+ (Lz − aE)2 − εr2
+ 2q1 [g
r
E(r)E − grL(r)Lz]− q21grT (r)
= −
(
dSθ
dθ
)2
− (L2z sin−2 θ − a2E2) cos2 θ + εa2 cos2 θ
− 2q1gθE(θ)E − q21gθT (θ) . (24)
The left-hand side of the equation only depends on the
coordinate r and the right-hand side of the equation
only depends on the coordinate θ, which implies these
two parts must be equal to the same constant K. So
in addition to ε, E and Lz, we obtain the fourth inte-
gral constant K, which shows the assumed S (23) is self-
consistent according to the HamiltonJacobi formulation.
By integrating the left side and right side of Eq. (24) re-
spectively, we obtain expressions for R(r), Θ(θ) and the
Hamiltonian principal function S:
S =
1
2
ελ− Et+ Lzφ
+ σr
∫ r √R(r)
∆
dr + σθ
∫ θ√
Θ(θ)dθ , (25)
where σr = ±1, σθ = ±1. The definitions of R(r), Θ(θ)
are
R(r) =E2(r2 + a2 − aξ)2 −∆E2
[
η + (ξ − a)2 − εr
2
E2
+ 2
q1
E
grE(r)− 2
q1
E
ξgrL(r)−
q21
E2
grT (r)
]
, (26)
Θ(θ) =E2
[
η − (ξ2 sin−2 θ − a2 − εa2
E2
)
cos2 θ − 2q1
E
gθE(θ)
+
q21
E2
gθT (θ)
]
, (27)
where we have defined
ξ ≡ Lz
E
, η ≡ K
E2
. (28)
We have thus obtained the Hamiltonian principal func-
tion expressed as the function of the coordinates
(t, r, θ, φ) and the integral constants ε, E, Lz, K. The
equations of motion are completely determined:
ρ2r˙ =− 1
σr
√
R(r) , (29)
ρ2θ˙ =− 1
σθ
√
Θ(θ) , (30)
ρ2φ˙ =− E
∆
[
2am(r)r + (ρ2 − 2m(r)r)ξ sin−2 θ]
+ q1g
r
L(r) , (31)
ρ2t˙ =− E
∆
(
Σ2 − 2am(r)rξ)+ q1grE(r) + q1gθE(θ) .
(32)
Note that for the motion of photons ε = 0.
B. Case II
Similar to case I, for the situation that Tr, Tθ satisfy
Tr(r, θ) = Tr(r) , Tθ(r, θ) = Tθ(θ) , (33)
5the Hamiltonian principal function S of case II also has a
separable solution (23). According to Eq. (14), Tθ(θ) =
0. The corresponding Hamilton-Jacobi equation takes
∆
(dSr
dr
− qTr(r)
)2
− 1
∆
[
(r2 + a2)E − aLz
]2
+ (Lz − aE)2 − εr2 (34)
= −(dSθ
dθ
)2 − (L2z sin−2 θ − a2E2) cos2 θ + εa2 cos2 θ ,
which leads to the following expression of S:
S =
1
2
ελ− Et+ Lzφ+
∫ r [
σr
√
R(r)
∆
+ q1Tr(r)
]
dr
+
∫ θ
σθ
√
Θ(θ)dθ , (35)
where
R(r) = E2(r2 + a2 − aξ)2 −∆E2
[
η +
(
ξ − a)2 − εr2
E2
]
,
and
Θ(θ) = E2
[
η −
(
ξ2 sin−2 θ − a2 − εa
2
E2
)
cos2 θ
]
.
So we could find that the only modification to the Hamil-
tonian principal function is the term q1Tr(r) which is
present in the Hamiltonian principal function (35). Ac-
cording to the Hamiltonian-Jacobi formulation, since this
term does not involve any integral constants, it will not
change the equations of motion. So for the case II with
Tµ having the form (33), the additional vector field does
not have influence on the motion of photons, i.e.
ρ2r˙ = − 1
σr
√
R(r) , (36)
ρ2θ˙ = − 1
σθ
√
Θ(θ) , (37)
ρ2φ˙ = −E
∆
[
2am(r)r + (ρ2 − 2m(r)r)ξ sin−2 θ] , (38)
ρ2t˙ = −E
∆
(
Σ2 − 2am(r)rξ) . (39)
This result is based on the assumption (33). For a gen-
eral form of Tr(r, θ), Tθ(r, θ), the absence of Tµ’s effects
cannot be guaranteed.
IV. THE SHADOW OF BLACK HOLES
Now we discuss how to determine the apparent shape
of the rotating black hole shadow. Let us consider an
observer at a large distance from the black hole along
an inclination angle θ0 between the rotation axis of the
black hole and the line of sight of the distant observer.
The contour of the shadow can be expressed by celestial
coordinate α and β, where α corresponds to the apparent
perpendicular distance of the shape as seen from the axis
of the symmetry, and β is the apparent perpendicular
distance of the shape from its projection on the equatorial
plane. The expressions of α and β can be determined
from the geometry [65]:
α = lim
r→∞
(− r2 sin θdφ
dr
)∣∣∣
θ=θ0
,
β = lim
r→∞ r
2 dθ
dr
∣∣∣
θ=θ0
. (40)
Combining the above expressions with Eqs. (29), (30),
(31), (36), (37), (38) and the asymptotical behaviours
(8), (22), one can derive the expressions for both Case I
and Case II:
α = − 1
sin θ0
ξ ,
β = ±
[
η + (a− ξ)2 − (a sin θ0 − ξ
sin θ0
)2] 12
. (41)
The shape of the shadow is determined by the unstable
orbits with constant radius since they are the boundaries
that separate the unbound and bound orbits, which must
satisfy
R(r)|r=r0 = R′(r)|r=r0 = 0 , (42)
where r0 is the radius of the unstable orbits and prime
denotes the derivative with respect to r. For the Case I,
these two conditions yield
(r20 + a
2 − aξ)2 −∆(r0)
[
η + (ξ − a)2 + 2q1
E
grE(r0)
− 2q1
E
ξgrL(r0)−
q21
E2
grT (r0)
]
= 0 , (43)
and
4r0(r
2
0 + a
2 − aξ)− 2(r0 −m′(r0)r0 −m(r0))
[
η + (ξ − a)2
+ 2
q1
E
grE(r0)− 2
q1
E
ξgrL(r0)−
q21
E2
grT (r0)
]
(44)
−∆(r0)
[
2
q1
E
grE
′(r0)− 2q1
E
ξgrL
′(r0)− q
2
1
E2
grT
′(r0)
]
= 0 .
Solving these two equations and ignoring non-physical
solutions, one gets ξ, η expressed as functions of r0, E,
i.e. ξ(r0, E), η(r0, E). The corresponding celestial coor-
dinates α and β can be derived using Eq. (41).
Note that, the dependence of ξ, η on the integral con-
stant E is the direct result of introducing the additional
vector field Tµ. When Tµ is absent, all the g(r) functions
in Eqs. (43)–(44) vanish and the solutions of ξ, η will
only have r0 dependence, i.e. ξ(r0), η(r0). According to
the expression (10), for the distant observer, the integral
constant E is the photon’s energy. This fact tells of us
that different frequencies of light will give rise to different
features in the black hole shadow. So it is feasible to test
the existence of the new vector field Tµ by observing the
shadow of a black hole in multiple wavelengths.
6Finally, we want to point out that the above conclu-
sion is based on the assumption that the Hamiltonian
principal function has a separable solution (23). This
assumption guarantees the existence of unstable photon
orbits with constant radius and the induced black hole
shadow, which is thus consistent with the observation of
a dark area surrounded by a bright emission ring. In
the situation that (23) cannot be separated, there might
also have unstable photon orbits and the formation of the
black shadow according to the analysis of spacetime sep-
arability given in [66, 67]; however, we should note that
the physical reason of the presence of the dependence on
energy E is that the new vector field Tµ with the first
power coupling term (4) introduces the first power of the
velocity X˙µ, which thus changes the way that the sys-
tem depends on the integral constants, or in other words
the initial conditions. This can be more easily seen by
Eq. (24), where the terms containing the integral con-
stants E, Lz to the first power are introduced. Therefore,
even for the situation that the vector field Tµ has a non-
separable Hamiltonian principal function S, the result
of a frequency dependent shadow may remain, assuming
the black hole shadow still exists. Furthermore, for a
more general coupling term (3), one might expect that
the odd power terms would introduce the energy depen-
dence while the even power terms will not.
V. AN EXAMPLE AND THE OBSERVATIONAL
CONSTRAINTS
In this section, we choose a particular expression for
Tµ to illustrate the specific effects brought by the vector
field Tµ and the relevant observational constraints.
Inspired by the movement of a charged particle around
the Kerr-Newman black hole [68–70], we know an expres-
sion for Tµ that makes the Hamiltonian have a separable
solution (23):
Tµ =
Qf(r)
ρ2
(−1, 0, 0, a sin2 θ) , (45)
where Q is a constant describing the quality of the source,
f(r) is a function determined by the underlying fun-
damental theory, whose expression should satisfy the
boundary condition (14). Then, according to Eqs. (18),
(19), (20), (21), we have
grE(r) =
Qf(r)(r2 + a2)
∆
,
grL(r) =
Qf(r)a
∆
,
grT (r) =
Q2f2(r)
∆
, (46)
and gθE(θ) = g
θ
L(θ) = g
θ
T (θ) = 0. The conditions for the
unstable spherical orbits in Eqs. (43), (44) give rise to[
r20 + a
2 − aξ − qEf(r0)
]2 −∆(r0)[η + (ξ − a)2] = 0 ,
2
[
r20 + a
2 − aξ − qEf(r0)
][
2r0 − qEf ′(r0)
]
−∆′(r0)
[
η + (ξ − a)2] = 0 , (47)
where ∆′(r0) represents the derivative with respect to r0
and we have defined
qE ≡ q1Q
E
. (48)
The parameter Q could contribute to the total energy
curving the spacetime by the possible coupling between
Tµ and gµν shown in (5) and thus modify the standard
Kerr metric. However, in physically plausible situations,
this contribution to the spacetime curvature must be neg-
ligibly small compared to the matter contribution of mat-
ter stress tensor. Therefore, to visualize the shadow cast
by the rotating black hole with Tµ from (45), we con-
sider the standard Kerr black hole m(r) = M and gener-
ate plots for the coordinates α/M and β/M by assuming
the approximate behaviour f(r) = r at the related scale.
These plots are shown in Fig. 1 for the fixed values of
spin parameter a/M and different values of parameter
qE/M . It is easy to see the effects of parameter qE on
the shadow: comparing with the overall size, the shape of
the black hole shadow is slightly changed. An increase in
the value of qE decreases the overall size of the shadow.
The specific value of parameter qE is related to the fre-
quency of the photons that we observed according to the
definition (48), which is consistent with the conclusion of
the last section, i.e. the black hole shadow will have a
different appearance under different wave bands.
We now make a comparison with the effects caused
by the function m(r) since it describes a large class of
derivations from the standard Kerr black hole and has
been widely discussed in the literature. In the absence
of Tµ, i.e. qE = 0, let us first consider the Kerr-Newman
black hole
m(r) = M − C
2
2r
, (49)
Fig. 2 displays the corresponding shadow for different
values of parameter C. Another typical expression of
m(r) is
m(r) = M
r3
r3 + g3
, (50)
where g is the model parameter. This form can describe
the nonsingular rotating Hayward black hole [62] and a
type of asymptotically safe gravity [22]. Fig. 3 displays
the corresponding shadow for different values of param-
eter g.
According to Fig. 2 and Fig. 3, we note that the obvi-
ous deviation from the standard silhouette only occurs on
the left-hand side of the picture. This side corresponds to
the spherical orbits that have relatively small radius r0.
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FIG. 1. Plot showing the shadow cast by the Kerr black hole m(r) = M with the vector field (45) having the form of f(r) = r.
The inclination angle θ0 has been set to pi/2.
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FIG. 2. Plot showing the shadow cast by the Kerr-Newman
black hole in the absence of Tµ.
According to Eq. (47), the m(r0) function only appears
in the function ∆(r0) and its derivative, which means the
largest modification by m(r0) only occurs on orbits with
the smallest radius r0 given by the condition (8). There-
fore, the fact that the most significant deformation only
occurs on one side of shadow is a general result for the
function m(r), which is different from the effects caused
by Tµ with the form (45) where only the overall shadow
size is adjusted.
In the current study, we have set the inclination angle
-4 -2 0 2 4 6
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0
2
4
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�/M=0.7
g/M=-0.7 g/M=0.7 g/M=0
FIG. 3. Plot showing the shadow cast by the nonsingular
rotating Hayward black hole in the absence of Tµ.
θ0 = pi/2 between the rotation axis and the line of sight.
It must be difficult to realize this in the real world. For-
tunately, a detailed numerical study [71] based on the
geometrical relations such as (41) shows that choosing a
different inclination angle mainly changes the shape of
the shadow by an overall horizontal displacement, while
the overall size, i.e. the average radius of the pattern is
almost unchanged. Therefore, it makes sense to focus on
the overall size of shadow since the current observations
do not yield yet detailed information about the shape
8characteristics of black hole shadow.
Finally, let us consider the current constraints on the
model parameter qE . Since the effect of appreciable qE is
mainly to change the overall size of the shadow, a probe
for this parameter would be measurement of the black
hole mass M . That is, qE can be constrained by mea-
surement at different scale on the black hole mass M .
Specifically, stellar-dynamics observations could provide
a measurement on the mass Mstellar of the SMBH in the
Newtonian gravity approximation. And the observations
of the black hole shadow provide us with another mea-
surement of mass Mshadow by the physics at the horizon
scale. In principle, the contrast between these two mea-
surements Mstellar and Mshadow could place constraints
on the parameter qE if assuming Tµ plays no role beyond
the horizon scale.
We begin with the Schwarzschild black hole, i.e a =
0. According to the spherical symmetry, the unstable
null spherical orbits should be confined to a plane, i.e.
forming a circular orbit. Then we can choose θ = 90◦,
θ˙ = 0 Eq. (47) becomes
(r20 − qEr0)2 − (r20 − 2Mr0)ξ2 = 0 ,
(r20 − qEr0)(2r0 − qE)− (r0 −M)ξ2 = 0 . (51)
The size of the shadow is given by:
d = 2|ξ| = α(M + ∆M) , (52)
where we have defined
∆M = g
(qE
M
)
M , (53)
and g is a function with respect to qE derived from Eq.
(51). α is the parameter describing the difference be-
tween the size of the shadow and the gravitational radius
M , which contains the influence of the inclination θ0 and
the spin parameter a on the size of the shadow, i.e. the
deviation from the Schwarzschild black hole. For the cur-
rent Schwarzschild case, α = 6
√
3. In the EHT obser-
vation for the M87* black hole, α = 11+0.5−0.3 is obtained
by fitting the observed shape models to a large number
of visibility data generated from the Image Library [1].
This should lead to a slightly different g function from
that of α ≈ 10.4. However since f(r) does not intro-
duce any special dependence on the spin parameter a,
this difference must be negligible. Finally, we obtain the
relationship between the mass Mstellar measured by the
dynamical methods and the mass Mshadow measured by
the optical shadow:
Mstellar + ∆Mstellar = Mshadow . (54)
For the M87* black hole, recent stellar-dynamics obser-
vations by Gebhardt et al. [72, 73] found Mstellar =
(6.6 ± 0.4) × 109M and the EHT experiments derive
Mshadow = (6.5 ± 0.7) × 109M [1]. This leads to the
sub-maximum range for qE :
qE/M ∈ (−0.50, 0.56) . (55)
Furthermore, the gas dynamics observations give a rather
different measurement of the mass of the M87* black hole
Mgas = 3.5
+0.9
−0.3 × 109M [74–76], which would lead to a
weaker constraint on the parameter qE .
VI. CONCLUSIONS
In this article, we have proposed a novel mechanism for
testing the equivalence principle by analyzing black hole
shadows. In particular, for rotating black holes which are
of high astronomical interest, the features imprinted on
their shadow under the influence of an additional vector
field Tµ(X), which phenomenologically depicts a viola-
tion of equivalence principle, can affect the motions of
photons. Accordingly, our scenario provides an interest-
ing example to discuss this effect in regions of extremely
strong gravitational fields. We assume that Tµ(X) is re-
garded as a background vector field generated by the cen-
tral black hole so the symmetries possessed by the black
hole and the spacetime could be used to constrain the
form of this vector field. Furthermore, we demand the
boundary condition that the vector field Tµ(X) vanishes
at infinity since it is generated by a finite size source. Un-
der these two constraints, we perform a general analysis
on the black hole shadow influenced by Tµ(X) with the
coupling form (4). Our key result is that the shadow in
edge-on view will have different appearances for different
frequencies of the observed light. The physical reason for
this new phenomenon is that the coupling form shown in
(4) alter the way that the system depends on the initial
conditions by introducing the first power of the velocity
X˙. Therefore, this new phenomenon is quite generic and
is not sensitive to a specific form of Tµ(X).
The current EHT experiments operate at a wavelength
of 1.3mm. Although each station of EHT receives two
adjacent frequency bands centered at 227.1GHZ and
229.1GHz respectively, these two frequency bands are
handled by different groups and used to eliminate the
error of doing correlation among the data [1]. Therefore,
current experimental conditions might not allow us to di-
rectly determine the existence of the phenomenon: that
the observed appearance of the black hole shadow could
change with the observed wave bands. We hope future
multi-band observations and related new data processing
techniques could allow for tests of this phenomenon.
As an example, we chose the vector field Tµ in the
form (45) and studied its effects on the shadow cast by
the Kerr black hole. The results show that the overall
size of the black hole shadow is altered, which is different
from the effect brought by the usual modification on the
metric using the function m(r), where only one side of
the silhouette has obvious distortion. Thus, there is a
large degeneracy between the black hole mass and the
model parameter qE . Finally, by using the measurements
on the black hole mass at different distance scale, we
set constraints on the coupling parameter |qE < 0.5| by
combining the results of EHT and orbits of stars or gas.
9We emphasize that in principle, the black hole shadow
characterized by the parameters ξ, η could be totally
determined by the fundamental equations governing the
motion of photons. The accretion disk surrounding the
black hole only serves to provide a light source and thus
the astrophysical complications introduced by the spe-
cific accretion model may be avoided [77]. However, from
a practical observational point of view, the accretion flow
may obscure the shadow and this problem would be more
serious had the accretion flow been optically thick [78–
80]. Although Sgr A* and M87* are not this case, the
detailed analyses involving the future high precision mea-
surements should take the influence of the accretion disk
into consideration. We note that [81–85] also studied
various features of the shadow.
ACKNOWLEDGMENTS
We are grateful to Z. Fan, E. Saridakis, Z. Shen,
Y. Xue and S. X. Tian for stimulating discussions and
valuable comments. HZ acknowledges the generous
supports from the USTC fellowship for international
visiting professors and from Shanghai Astronomical
Observatory. This work is supported in part by
the NSFC (Nos. 11722327, 11653002, 11961131007,
11725312, 11421303), by the CAST (2016QNRC001),
by the National Youth Thousand Talents Program of
China, and by the Fundamental Research Funds for
Central Universities. All numerics were operated on
the computer clusters LINDA & JUDY in the particle
cosmology group at USTC.
[1] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L1 (2019)
[arXiv:1906.11238 [astro-ph.GA]].
[2] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L2 (2019)
[arXiv:1906.11239 [astro-ph.IM]].
[3] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L3 (2019)
[arXiv:1906.11240 [astro-ph.GA]].
[4] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L4 (2019)
[arXiv:1906.11241 [astro-ph.GA]].
[5] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L5 (2019)
[arXiv:1906.11242 [astro-ph.GA]].
[6] K. Akiyama et al. [Event Horizon Telescope Col-
laboration], Astrophys. J. 875, no. 1, L6 (2019)
[arXiv:1906.11243 [astro-ph.GA]].
[7] A. Amorim et al. [GRAVITY Collaboration], Phys.
Rev. Lett. 122, no. 10, 101102 (2019) [arXiv:1902.04193
[astro-ph.GA]].
[8] V. Cardoso and P. Pani, Living Rev. Rel. 22, no. 1, 4
(2019) [arXiv:1904.05363 [gr-qc]].
[9] E. E. Nokhrina, L. I. Gurvits, V. S. Beskin, M. Naka-
mura, K. Asada and K. Hada, Mon. Not. Roy. Astron.
Soc. 489, no. 1, 1197 (2019) [arXiv:1904.05665 [astro-
ph.HE]].
[10] M. Wang, S. Chen, J. Wang and J. Jing,
arXiv:1904.12423 [gr-qc].
[11] D. Kapec and A. Lupsasca, Class. Quant. Grav. 37, no.
1, 015006 (2020) [arXiv:1905.11406 [hep-th]].
[12] K. Jusufi, M. Jamil, P. Salucci, T. Zhu and S. Ha-
roon, Phys. Rev. D 100, no. 4, 044012 (2019)
[arXiv:1905.11803 [physics.gen-ph]].
[13] E. Contreras, . Rincn, G. Panotopoulos, P. Bargueo and
B. Koch, arXiv:1906.06990 [gr-qc].
[14] R. A. Konoplya and A. Zhidenko, Phys. Rev. D 100, no.
4, 044015 (2019) [arXiv:1907.05551 [gr-qc]].
[15] E. Y. Davies and P. Mocz, arXiv:1908.04790 [astro-
ph.GA].
[16] J. Z. Qi and X. Zhang, arXiv:1906.10825 [astro-ph.CO].
[17] O. Y. Tsupko, Z. Fan and G. S. Bisnovatyi-Kogan,
arXiv:1905.10509 [gr-qc].
[18] R. Roy and U. A. Yajnik, arXiv:1906.03190 [gr-qc].
[19] N. Bar, K. Blum, T. Lacroix and P. Panci, JCAP 1907,
045 (2019) [arXiv:1905.11745 [astro-ph.CO]].
[20] H. Davoudiasl and P. B. Denton, Phys. Rev. Lett. 123,
no. 2, 021102 (2019) [arXiv:1904.09242 [astro-ph.CO]].
[21] P. V. P. Cunha, C. A. R. Herdeiro and E. Radu,
arXiv:1909.08039 [gr-qc].
[22] A. Held, R. Gold and A. Eichhorn, JCAP 1906, 029
(2019) [arXiv:1904.07133 [gr-qc]].
[23] R. Kumar, B. P. Singh and S. G. Ghosh,
arXiv:1904.07652 [gr-qc].
[24] Y. F. Cai and D. A. Easson, JCAP 1009, 002 (2010)
[arXiv:1007.1317 [hep-th]].
[25] R. N. Izmailov, R. K. Karimov, E. R. Zhdanov and
K. K. Nandi, Mon. Not. Roy. Astron. Soc. 483, no. 3,
3754 (2019) [arXiv:1905.01900 [gr-qc]].
[26] A. Ovgun, I. Sakall, J. Saavedra and C. Leiva,
arXiv:1906.05954 [hep-th].
[27] T. Zhu, Q. Wu, M. Jamil and K. Jusufi, Phys. Rev. D
100, no. 4, 044055 (2019) [arXiv:1906.05673 [gr-qc]].
[28] S. X. Tian and Z. H. Zhu, Phys. Rev. D 100, no. 6,
064011 (2019) [arXiv:1908.11794 [gr-qc]].
[29] L. Amarilla and E. F. Eiroa, [arXiv:1512.08956 [gr-qc]].
[30] S. Vagnozzi and L. Visinelli, Phys. Rev. D 100, no. 2,
024020 (2019) [arXiv:1905.12421 [gr-qc]].
[31] F. Long, J. Wang, S. Chen and J. Jing, JHEP 1910, 269
(2019) [arXiv:1906.04456 [gr-qc]].
[32] I. Banerjee, S. Chakraborty and S. SenGupta,
arXiv:1909.09385 [gr-qc].
10
[33] N. Tsukamoto, Phys. Rev. D 97, no. 6, 064021 (2018)
[arXiv:1708.07427 [gr-qc]].
[34] A. Abdujabbarov, M. Amir, B. Ahmedov and
S. G. Ghosh, Phys. Rev. D 93, no. 10, 104004 (2016)
[arXiv:1604.03809 [gr-qc]].
[35] I. Dymnikova and K. Kraav, Universe 5, no. 7, 163
(2019).
[36] F. Lamy, E. Gourgoulhon, T. Paumard and F. H. Vin-
cent, Class. Quant. Grav. 35, no. 11, 115009 (2018)
[arXiv:1802.01635 [gr-qc]].
[37] R. Kumar, S. G. Ghosh and A. Wang, Phys. Rev. D 100,
no. 12, 124024 (2019) [arXiv:1912.05154 [gr-qc]].
[38] F. W. Hehl, P. Von Der Heyde, G. D. Kerlick and
J. M. Nester, Rev. Mod. Phys. 48, 393 (1976).
[39] A. R. Prasanna and S. Mohanty, Gen. Rel. Grav. 41,
1905 (2009).
[40] M. I. Wanas, Astrophys. Space Sci. 258, 237 (1998) [gr-
qc/9904019].
[41] P. B. Yasskin and W. R. Stoeger, S.J., Phys. Rev. D 21,
2081 (1980).
[42] M. Novello, Phys. Lett. A 59, 105 (1976).
[43] V. De Sabbata and M. Gasperini, Phys. Lett. A 77, 300
(1980).
[44] K. Hayashi and T. Shirafuji, Prog. Theor. Phys. 64, 883
(1980) Erratum: [Prog. Theor. Phys. 65, 2079 (1981)].
[45] H. Kleinert, Phys. Lett. B 440, 283 (1998) [gr-
qc/9808022].
[46] R. T. Hammond, Int. J. Mod. Phys. D 27, no. 14,
1847005 (2018).
[47] N. J. Poplawski, arXiv:1108.6100 [gr-qc].
[48] Y. F. Cai, S. Capozziello, M. De Laurentis and E. N. Sari-
dakis, Rept. Prog. Phys. 79, no. 10, 106901 (2016)
[arXiv:1511.07586 [gr-qc]].
[49] Y. F. Cai, C. Li, E. N. Saridakis and L. Xue, Phys. Rev.
D 97, no. 10, 103513 (2018) [arXiv:1801.05827 [gr-qc]].
[50] C. Li, Y. Cai, Y. F. Cai and E. N. Saridakis, JCAP 1810,
001 (2018) [arXiv:1803.09818 [gr-qc]].
[51] Z. Chen, W. Luo, Y. F. Cai and E. N. Saridakis,
arXiv:1907.12225 [astro-ph.CO].
[52] S. F. Yan, P. Zhang, J. W. Chen, X. Z. Zhang, Y. F. Cai
and E. N. Saridakis, arXiv:1909.06388 [astro-ph.CO].
[53] Ya. B. Zel’Dovich, Journal of Experimental and Theoret-
ical Physics 35.6(1972):2076-2081.
[54] S. L. Detweiler, Phys. Rev. D 22, 2323 (1980).
[55] N. G. Nielsen, A. Palessandro and M. S. Sloth, Phys. Rev.
D 99, no. 12, 123011 (2019) [arXiv:1903.12168 [hep-ph]].
[56] D. Baumann, H. S. Chia, J. Stout and L. ter Haar,
arXiv:1908.10370 [gr-qc].
[57] J. H. Huang, W. X. Chen, Z. Y. Huang and Z. F. Mai,
Phys. Lett. B 798, 135026 (2019) [arXiv:1907.09118 [gr-
qc]].
[58] A. Pawl, Phys. Rev. D 70, 124005 (2004) [hep-
th/0411175].
[59] A. Arvanitaki, M. Baryakhtar and X. Huang, Phys. Rev.
D 91, no. 8, 084011 (2015) [arXiv:1411.2263 [hep-ph]].
[60] Y. Chen, J. Shu, X. Xue, Q. Yuan and Y. Zhao,
arXiv:1905.02213 [hep-ph].
[61] K. Becker, M. Becker, J. H. Schwarz, String theory and
M-theory, (Cambridge university, Cambridge, 2007).
[62] S. A. Hayward, Phys. Rev. Lett. 96, 031103 (2006) [gr-
qc/0506126].
[63] C. Bambi and L. Modesto, Phys. Lett. B 721, 329 (2013)
[arXiv:1302.6075 [gr-qc]].
[64] A. Borde, Phys. Rev. D 55, 7615 (1997) [gr-qc/9612057].
[65] S. Chandrasekhar, The mathematical theory of black
holes, (Clarendon, Oxford, 1985).
[66] K. Glampedakis and G. Pappas, Phys. Rev. D 99, no.
12, 124041 (2019) [arXiv:1806.09333 [gr-qc]].
[67] R. Shaikh, Phys. Rev. D 100, no. 2, 024028 (2019)
[arXiv:1904.08322 [gr-qc]].
[68] E. Hackmann and H. Xu, Phys. Rev. D 87, no. 12, 124030
(2013) [arXiv:1304.2142 [gr-qc]].
[69] B. Vladimir, S. Zdenek and B. Jiri, Astronomical Insti-
tutes of Czechoslovakia, Bulletin (ISSN 0004-6248), vol.
40, no. 2, March 1989, p. 65-92.
[70] B. Vladimir, B. Jiri and S. Zdenek, Astronomical Insti-
tutes of Czechoslovakia, Bulletin (ISSN 0004-6248), vol.
40, no. 3, June 1989, p. 133-165.
[71] C. k. Chan, D. Psaltis and F. Ozel, Astrophys.
J. 777, 13 (2013) doi:10.1088/0004-637X/777/1/13
[arXiv:1303.5057 [astro-ph.IM]].
[72] K. Gebhardt, J. Adams, D. Richstone, T. R. Lauer,
S. M. Faber, K. Gultekin, J. Murphy and S. Tremaine,
Astrophys. J. 729, 119 (2011) [arXiv:1101.1954 [astro-
ph.CO]].
[73] K. Gebhardt and J. Thomas, Astrophys. J. 700, 1690
(2009) [arXiv:0906.1492 [astro-ph.CO]].
[74] R. J. Harms et al., Astrophys. J. 435, L35 (1994).
[75] F. Macchetto, A. Marconi, D. J. Axon, A. Capetti,
W. Sparks and P. Crane, Astrophys. J. 489, 579 (1997)
[astro-ph/9706252].
[76] J. L. Walsh, A. J. Barth, L. C. Ho and M. Sarzi, Astro-
phys. J. 770, 86 (2013) [arXiv:1304.7273 [astro-ph.CO]].
[77] R. Narayan, M. D. Johnson and C. F. Gammie, Astro-
phys. J. 885, no. 2, L33 (2019) [arXiv:1910.02957 [astro-
ph.HE]].
[78] J.-P. Luminet, Astron. Astrophys. 75, 228 (1979).
[79] J. Fukue, PASJ 55, 155 (2003).
https://doi.org/10.1093/pasj/55.1.155
[80] D. Psaltis, Gen. Rel. Grav. 51, no. 10, 137 (2019)
[arXiv:1806.09740 [astro-ph.HE]].
[81] Y. F. Yuan, X. Cao, L. Huang and Z. Q. Shen, Astrophys.
J. 699, 722 (2009) [arXiv:0904.4090 [astro-ph.HE]].
[82] T. Johannsen and D. Psaltis, Astrophys. J. 718, 446
(2010) [arXiv:1005.1931 [astro-ph.HE]].
[83] T. Johannsen et al., Phys. Rev. Lett. 116, no. 3, 031101
(2016) [arXiv:1512.02640 [astro-ph.GA]].
[84] D. Psaltis, F. Ozel, C. K. Chan and D. P. Marrone, Astro-
phys. J. 814, no. 2, 115 (2015) [arXiv:1411.1454 [astro-
ph.HE]].
[85] S. E. Gralla, D. E. Holz and R. M. Wald, Phys. Rev.
D 100, no. 2, 024018 (2019) [arXiv:1906.00873 [astro-
ph.HE]].
